Unsteady, axisymmetric stagnation flow about a circular cylinder is examined when the far-field flow is a periodic function of time with a fixed time average and an oscillatory part of prescribed amplitude and frequency. Solutions are computed for arbitrary values of the Reynolds number, quantifying the effects of surface curvature, and a frequency parameter based on the period of the far-field flow. It is found that solutions remain regular and periodic provided that the far-field amplitude lies below a critical value. Above this value, solutions terminate in a finite-time singularity. The blow-up time is delayed by increasing the curvature of the surface. These results are corroborated by asymptotic predictions valid in the limits of small and large amplitude and frequency. For large Reynolds number, the problem reduces to the two-dimensional stagnation-point flow against a plane wall studied by previous authors.
Introduction
In this paper, we investigate oscillatory viscous flow against an infinite circular cylinder, as shown in Fig. 1 . The far field consists of a stagnation flow with a mean component and a sinusoidal component. The problem is simplified by virtue of a similarity transformation to solving a partial differential equation involving time and one spatial coordinate. This system is solved numerically and analysed in a number of asymptotic limits. Since no approximations are required to derive the reduced system, the computed flow constitutes an exact solution of the Navier-Stokes equations (see Drazin and Riley (1) for a recent survey of such solutions). A variety of authors have considered the related problem of two-dimensional stagnation-point flow towards a plane wall, when the background flow is modulated by an oscillatory component. In the current work, we conduct a thorough investigation into the effect of the curvature terms now present due to the cylindrical geometry. Unsteady stagnation flow on a cylinder has also been studied by Takhar et al. (2) , who included an arbitrary time-dependent cylinder velocity.
In a classical paper Hiemenz (3) described steady stagnation-point flow towards a plane wall, and demonstrated that it is an exact solution of the Navier-Stokes equations. Homann (4) obtained a solution for axisymmetric stagnation-point flow over a flat plate. Steady, axisymmetric stagnation flow around a circular cylinder was studied by Wang (5) , who discussed the effect of the Reynolds † m.blyth@uea.ac.uk number based on the radius of the cylinder. He showed that the problem reduces to the Hiemenz problem in the limit of large Reynolds number. The onset of steady streaming in an oscillatory flow was explained by Riley (6) and Stuart (7) , who examined the unsteady flow created by a circular cylinder transversely oscillating about its axis. They showed that a steady component of velocity is generated by the nonlinear Reynolds stresses in the Stokes layer at the cylinder's surface, and elucidated the double boundary-layer structure needed to provide a consistent description of the flow in the high frequency limit. In related work, Grosch and Salwen (8) focused their attention on plane stagnation-point flow modulated by smallamplitude free stream fluctuations, and examined the cases when the frequency of the fluctuations is either small or large. For small frequencies, the solution is quasi-steady, while for large frequencies the double boundary-layer structure discovered by Riley (6) and Stuart (7) is applicable.
Riley and Vasantha (9) obtained a similarity solution for fully oscillatory flow at a twodimensional stagnation point. Intriguingly, they showed that solutions terminate in a finite-time singularity over the whole range of frequencies studied. The blow-up was attributed to the steady streaming of fluid particles towards the dividing streamline, provoking an eruption from the boundary layer and destroying the similarity structure of the flow. Merchant and Davis (10) included an extension of the work of Riley and Vasantha to incorporate a steady mean component. They performed an asymptotic analysis valid when the amplitude of the oscillatory free-stream component is both much larger than and much smaller than the steady component. Once again, the double boundary-layer structure of Riley and Stuart appears in the high frequency limit.
More recently, Blyth and Hall (11) tackled the case where the amplitude of oscillation and the steady component of the free-stream velocity are of the same order of magnitude. They found that for a given amplitude there exists a threshold frequency above which the flow is regular and periodic, with the same period as the modulation factor, and below which solutions terminate in a finitetime singularity. In the limit of zero frequency, they showed that blow-up is avoided provided that the oscillation amplitude is smaller than unity, and gave an asymptotic expression for the blow-up time. For large frequencies, they obtained an asymptotic description of the threshold frequency, and demonstrated convincing agreement with the results of numerical simulations.
The layout of the paper is as follows. In the next section, we formulate the problem and introduce the similarity structure. In section 3, we calculate solutions for arbitrary parameter values using a numerical method. In section 4, we study the limits of large and small frequencies and compare with the numerical results. This section also includes a discussion of the large modulation amplitude case. Finally, in section 5, we summarize our findings.
Problem formulation
We consider axisymmetric, oscillatory stagnation flow of a viscous incompressible fluid impinging on an infinite circular cylinder, as shown in Fig. 1 . Referring to cylindrical polar coordinates (r, θ, z), the cylinder is located at r = a 0 and the flow is assumed to be independent of θ . The far-field potential flow is described by
where u, w are velocity components in the r and z directions respectively, k is a strain-rate constant, and the velocity amplitude is modulated by
where τ = ωt; the fluctuation amplitude, , and frequency, ω, are both fixed. Introducing the similarity variable, η = (r/a 0 ) 2 , and adopting a stream function ψ = k a 2 0 z f (η, τ ), defined so that
the Navier-Stokes equations yield the partial differential equation
The boundary conditions include the no-slip condition at the cylinder surface, and the matching condition at infinity, so that
The Reynolds number, R, and frequency parameter, σ , are defined, respectively, by
We note that, since no approximations have been made in obtaining equations (2.4) and (2.5), the flow under consideration is an exact solution of the Navier-Stokes equations.
In the limit of large Reynolds number, the system (2.4) together with (2.5) reduces to that governing plane, orthogonal stagnation-point flow towards a flat wall, which was examined in detail by Blyth and Hall (11) . To see this, we write f (η, τ ) = R −1/2 F(ξ, τ ) and η = 1 + R −1/2 ξ . We note that this corresponds to the usual boundary-layer scaling although we do not require the Reynolds number to be large. With this scaling, (2.4) becomes
with F = F ξ = 0 on ξ = 0 and F ξ → a(τ ) as ξ → ∞. Note that the curvature terms appear with a coefficient of R −1/2 in (2.7). Taking the limit R → ∞ removes these two terms leaving the system studied by Blyth and Hall (11) . The reduced system is valid in a region of thickness O(R −1/2 ) around the cylinder surface in which the effects of curvature are negligible. It is the purpose of the present study to quantify the effect of the extra curvature terms on the structure of the stagnation-point flow.
Solutions for arbitrary amplitude and frequency
In this section, we consider numerically-computed results for arbitrary values of the Reynolds number, R, and frequency parameter, σ .
Numerical method
As a preliminary, it is convenient to rewrite (2.7) and the accompanying boundary conditions in terms of the new dependent variable G(ξ, τ ) ≡ F ξ , yielding the equivalent system
To advance the solution in time we use a fully implicit finite-difference scheme, which is secondorder accurate in time and second-order accurate in space. To achieve second-order temporal accuracy, we utilize the solution at the two previous time steps via the discretization formula
where G i j is the value of G at the ith time step and the jth grid position, and δτ is the time step. Following Roberts (13), we truncate to a finite domain, ξ ∈ [0, ξ max ], where ξ max is a nominal level of infinity, and introduce a new stretched coordinate,ȳ, defined bȳ
here β is a stretch parameter. This maps the truncated domain ξ ∈ [0, ξ max ] onto the unit rangē y ∈ [0, 1]. Spatial derivatives are calculated over a uniform grid inȳ using the difference formulae
For our computations, we took δτ = 0·012, ξ max = 200, ȳ = 0·001, and β = 1·02. This value of β is chosen to ensure a clustering of grid points close to the surface of the cylinder, ξ = 0. Given the solution at the ith time step, we use F i j as an initial guess for F at the new time step and solve the tridiagonal system for G resulting from the discretized form of (3.2) using the Thomas algorithm. An updated estimate for F is obtained by solving the discretized form of (3.2) and the (11) whole process is repeated until the grid values of F and G at the new time step have converged to within an acceptable tolerance. Following Riley and Vasantha (9), the calculations were started from the initial condition
where δτ is the time step. The integration begins at i = 1 with a semi-implicit Crank-Nicolson method at i + 1 2 that allows us to obtain G at i = 2 with the same accuracy as in the subsequent time steps, when (3.3) is used. The results were checked to be grid-independent and checks were made to ensure that the solution satisfies the governing equation with residuals smaller than 10 −5 .
Numerical results
For the two-dimensional problem, Blyth and Hall (11) found that a regular solution can only be found for amplitudes, , below a certain critical value which depends on the frequency parameter, σ . Beyond the critical amplitude, they found that the solution terminates in a finite-time singularity. For our problem, we may expect a similar behaviour, with the critical amplitude depending on both σ and R. In Fig. 2 , we show the critical amplitude, c , versus σ for several values of the Reynolds number. The solid lines are the results of the numerical calculations, and the dotted lines represent asymptotic results valid for large σ to be discussed in section 4.1. Points below each of the individual curves, for which < c , correspond to regular solutions which may be integrated in time indefinitely. Points above the curves, for which > c , correspond to singular solutions which break down in finite time at τ = τ s (R, σ ). The appearance of the singularity suggests that a self-similar solution of the current type may not be appropriate at these parameter values. For amplitudes < c , the solution eventually settles into a periodic cycle once transients have decayed. The barrier between regular and periodic solutions was delineated through careful and exhaustive numerical calculation. Solutions terminating in a finite-time singularity are readily identified. Regular solutions were identified by continuing the calculations until the difference between successive periods is tolerably small. The number of cycles required varies from about four or five at small frequencies to more than 30 for large frequencies.
Asymptotic analysis
In this section, we perform an asymptotic analysis of the cylinder problem in order to gain further insight into the flow behaviour at both large and small values of the frequency parameter.
Large amplitude and frequency
In the case of a planar stagnation-point flow, the limit of large amplitude and frequency has been studied by Blyth and Hall (11) and by Merchant and Davis (10) . These authors carried out a detailed analysis of the asymptotic structure obtaining when
Following the seminal works of Riley (6) and Stuart (7), they noted that the flow may be decomposed into three important zones: a Stokes layer attached to the wall, a steady-streaming layer above it, and an outer region of potential flow. Inside the Stokes layer, the flow is purely oscillatory at leading order. Reynolds stresses generate a small steady component at next order which persists outside the layer. The streaming layer above serves as an intermediate zone to reduce the small streaming component to zero and thereby match with the outer potential flow. In the chosen limit, it was found that no regular solutions exist when > 1·289σ 1/2 .
Motivated by these findings, we seek an explanation of the solution breakdown at large frequency observed in Fig. 2 through an asymptotic investigation of the limit ∼ O(σ 1/2 ). Following Blyth and Hall (11), we find it convenient to introduce the change of variables ξ = −1/2ξ and F = 1/2F . In the new variables, (2.7) becomes
where = σ/ and = 1/ . The boundary conditions becomê
In the chosen limit, with = O(σ 1/2 ), the relationship between and as → ∞ may be expressed as with boundary conditions 1 = 1,ζ = 0 at ζ = 0. In common with other problems of this type, we may only insist that 1,ζ is bounded as ζ → ∞. The solution adopts the form as ζ → ∞. The effects of curvature appear only in the second term, R . For our purposes, it is sufficient to note that R,ζ → 0 as ζ → ∞ and hence that 1,ζ → − 4 . Accordingly, a small steady slip velocity persists at the edge of the Stokes layer which does not conform to the boundary condition at infinity.
To complete the solution, we introduce a steady streaming outer region of standard thickness O( 1/2 ) across which 1,ζ adjusts from − 3 4 to b 0 . In this outer region, there is a balance of the nonlinear and viscous terms in the momentum equation; see Riley (6) and Stuart (7) . Defining the new coordinate χ = −1/2ξ , we expand the stream function as follows:
The functions φ i , i = 1, 2, . . ., are periodic with zero time average over a period. At leading order, we find that φ 0 ≡ 0. Taking the time average of the equation at next order, we obtain
To match with the Stokes layer, we require g 0 = 0 and g 0χ = − 3 4 at χ = 0, and we require g 0χ → b 0 as χ → ∞ to match with the potential solution at infinity. In the limit R → ∞ this system reduces to that studied by Merchant and Davis (10) and by Riley and Weidman (12) . These authors showed that there is a critical value b 0c = 0·602 such that no solution exists when b 0 < b 0c , two solutions exist when b 0c < b 0 < Fig. 3(a) . The values of b 0c were computed using a shooting method. Note that b 0c → 0·602 as R → ∞.
Taking the time average of the next-order problem, we obtain 
R).
The results are shown in Fig. 3(a) .
To obtain the asymptotic description of the dividing curve between regular and irregular solutions in the limit as σ → ∞ we write = ασ 1/2 + β + o (1) . Substituting this expression into (4.3), where = 1/ and = σ/ , we obtain
Equating like powers of σ , we find α = b 
Curves plotted using the first two terms in this series are shown as dotted lines in Fig. 2 . The agreement with the numerical calculations is excellent for large values of the Reynolds number, and less so as the Reynolds number decreases.
Small frequency limit
In the limit of infinite Reynolds number, Blyth and Hall (11) found that the critical amplitude approaches a unit threshold as the frequency parameter σ tends to zero. Our investigations have shown that the same behaviour is found at finite Reynolds number; see Fig 2.
In the small frequency limit, provided that < 1 the unsteady terms in (2.7) are always much smaller than the steady terms and the flow is quasi-steady. If > 1 then a(τ ) has a zero at τ = τ 0 = π −cos −1 (1/ ), in the vicinity of which a ∼ ( 2 −1) 1/2 (τ 0 −τ ). Balancing the unsteady terms with the steady terms, we find that they are of the same order of magnitude when τ 0 − τ ∼ O(σ 1/2 ) and hence a(τ ) ∼ O(σ 1/2 ). On this timescale, the flow is no longer quasi-steady and it is appropriate to introduce the scaled variables
We initiate the calculation at T = T ∞ = 20 using a starting profile obtained by solving (4.13) with the last two terms on the left-hand side removed. Equation (4.13) is integrated backward in T using an implicit marching procedure. The time derivative is approximated by a second-order accurate difference formula using the solution at the previous two time steps, and second-order accurate central differences are used for the spatial derivatives. The resulting tridiagonal system is solved with the Thomas algorithm. Typically, we used a time step of size 0·005 and a uniform spatial grid spacing of size 0·001. The integration is continued until we encounter a singularity at a finite time, T s . The blow-up time T s is found to be independent of the value of T ∞ .
The singularity on the localized timescale near τ = τ 0 implies a blow-up of the solution to (2.7) at a time which we denote by τ s . If = 2, then τ 0 = 2π/3 and the blow-up time is approximated by
as σ → 0. Values of T s are plotted in Fig. 3 (b) for = 2 over a wide range of Reynolds numbers. Results for = 10 are also shown. Reducing the Reynolds number delays the onset of the finitetime singularity. This delay increases as the Reynolds number tends to zero, which accords with the behaviour of the boundary curves in Fig. 2 . As R decreases, the curves sweep around towards the positive c axis, so that for a fixed frequency and amplitude the singularity eventually disappears and regular, periodic solutions emerge. The predicted blow-up time τ s /σ in (4.14) is shown in Fig. 4 for = 2 with R = 10 and R = 1, when T s = −1·59 and T s = −1·62 respectively. Also shown are the blow-up times calculated numerically by solving (2.7). Through numerical experimentation, we have confirmed that the blowup time is independent of the choice of initial condition. The agreement between the numerical and asymptotic results is good for sufficiently small frequencies. For a fixed amplitude, > c , and fixed Reynolds number, the blow-up time increases as σ increases, and approaches infinity at a fixed value as the corresponding barrier curve exemplified in Fig. 2 is crossed. For larger frequencies, the solution is regular and time-periodic. In particular, when = 2, we find the critical values σ = 0·984 at R = 10 and σ = 0·854 at R = 1.
Oscillatory flow
In this section, we consider the limit → ∞, corresponding to purely oscillatory flow in the far field. The planar case was studied by Riley and Vasantha (9), who derived asymptotic expressions for the blow-up time at both small and large oscillation frequencies. To study the cylinder problem, we introduce a modified Reynolds number and a modified frequency parameter, defined respectively byR = R andσ = σ R, and write f = R −1/2 H and η = 1 +R −1/2 y. Substituting into the original equation (2.4), and taking the limit → ∞, we obtain (2.7) and the dashed lines correspond to the asymptotic approximations (4.14) subject to H = H y = 0 on y = 0 and H y → cos τ as y → ∞. We seek solutions to (4.15) valid forσ /R 1 andσ /R 1 withR = O(1) in both cases. For the small frequency case,σ /R 1, we note that, similar to the analysis in section 4.2, the unsteady term H yτ in (4.15) may be dropped except for times close to the zeros of cos τ , the first being at τ = τ 0 = π/2. Focusing our attention near this time, we choose scalings to balance the unsteady and viscous terms and introduce the new local variables τ = τ 0 − (σ /R) 1/2 T and y = (σ /R) −1/2ȳ . Substituting into (4.15) and taking the limitσ /R → 0, we obtain 
valid for smallσ /R. We find that T = T s = −2·09, regardless of the size of the modified Reynolds number. This value is very close to the value −2·05 obtained by Riley and Vasantha (9) . The observation that T s does not depend on the modified Reynolds number is consistent with the behaviour of the blow-up curves in Fig. 5 , which collapse onto one another asσ /R approaches zero. Moreover, it suggests that it is the terms multiplied byR 1/2 in (4.16) which are primarily responsible for the blow-up. We have confirmed this numerically by checking the size of each of the terms in the equation as the calculation progresses. The derivative terms in brackets in (4.16) grow significantly larger than the remaining terms as the singularity is approached.
In Fig. 6 , we show a comparison between the asymptotic result (4.17) using the quoted value of T s , shown as broken lines, and the blow-up times computed by numerical integration of the full system, shown as solid lines. The dotted lines correspond to the largeσ asymptotic predictions to be discussed below. For small frequencies the effects of the surface curvature on the results are very small, and it is necessary to go to very high frequencies to find moderate changes in the blow-up time. This is illustrated more clearly in Fig. 5 , which shows a rescaled version of the results in Fig. 6 .
For the large frequency case,σ /R 1, we perform a steady streaming analysis similar to that in section 3. In the Stokes layer next to the wall we introduce the new independent variable y = (σ /R) 1/2 X , set H = (σ /R) 1/2 φ and expand by writing At first order, we have
with φ 1 = φ 1,X = 0 at X = 0 and φ 1,X → 0 as X → ∞. Since φ 0,X X → 0 as X → ∞, it can be shown that φ 1,X → 0 when X → ∞. At second order, we obtain
with φ 2 = φ 2,X = 0 at X = 0. As X → ∞, φ 2,X → − 3 4 plus an oscillatory term with zero time average; compare Riley and Vasantha (9) . Accordingly, we must include an outer steady streaming region to permit φ 2,X to adjust from this time averaged value of − 3 4 to the required value of 0 at infinity.
In the steady streaming layer, we write τ =σ 2τ , y = (σȳ − 1)R 1/2 and H = y cos τ +R 1/2ḡ . Substituting into (4.15) and taking the time average in τ of the leading-order equation, we obtain yḡȳȳȳ +ḡȳȳ +R(ḡḡȳȳ −ḡ (9), we takeḡ ≡ 0 atτ = 0 as the initial condition. Using a fully implicit scheme, which is secondorder accurate in time and second-order accurate in space, we integrate (4.23) forwards in time from τ = 0 until we encounter a singularity atτ =τ s . In this way, we obtain an asymptotic estimate for the blow-up time, τ s , given by τ s σ =τ sσ + · · · (4.24)
valid whenσ → ∞. In Fig. 7 , we show the dependence of the coefficientτ s on the modified Reynolds number. The largeσ predictions for the casesR = 1, 3, 5, 10 are shown as dotted straight lines in Fig. 6 . The lines have been shifted arbitrarily to facilitate comparison with the numerical results, shown as solid lines. Althoughτ s → 0 whenR → ∞, the productR 2τ s → 3·07. Rewriting (4.24) in terms of this parameter combination we obtain, for largeR,
which is in good agreement with the asymptotic result (9, (28)) of Riley & Vasantha on noting that σ /R may be identified with their frequency parameter, ω.
Discussion
We have considered time-periodic stagnation flow around an infinite circular cylinder when the far-field flow comprises a steady mean component and a comparable oscillatory component. We performed numerical calculations to compute solutions for arbitrary parameter values, and also carried out asymptotic analyses valid in the limits of very small and very large oscillation frequencies. We also considered the asymptotic structure obtaining when the amplitude of the oscillation is very large. Defining a Reynolds number, R, based on the radius of the cylinder, we showed that near the surface of the cylinder the problem reduces to the two-dimensional case studied by Blyth and Hall (11) when R → ∞. For finite values of the Reynolds number, the results are qualitatively similar to the planar case. For a fixed R and > 1, at each value of the oscillation amplitude there exists a threshold frequency below which the solution breaks down in a finite-time singularity. Conversely, for any fixed frequency, there exists a critical amplitude above which a finite-time singularity occurs. Beneath the threshold values, the solution remains regular, and after initial transients have decayed, it settles down into a periodic cycle. For small frequency, the flow is quasi-steady at any Reynolds number provided that < 1; if > 1, the solution blows up. For very large frequency, the critical amplitude is described by an asymptotic formula.
As expected, the effect of the curvature terms in the equations becomes increasingly important as the Reynolds number is reduced from infinity. The primary effect of lowering the Reynolds number is to shift upwards the barrier between regular, periodic solutions, and those experiencing finite-time blow-up. For small frequencies the threshold amplitude approaches unity regardless of Reynolds number. As the frequency is increased, the threshold amplitude increases at a rate dependent on Reynolds number. At a fixed frequency, the critical amplitude above which solutions blow up decreases as the Reynolds number increases. For purely oscillatory flow, the effect of Reynolds number is particularly pronounced at larger frequencies. For small frequencies, changing the Reynolds number has an insignificant effect on the blow-up time. As the Reynolds number tends to infinity, our results approach those computed by Riley and Vasantha (9) for the planar case.
In summary of our results, the qualitative properties of the cylinder flow are similar to those for unsteady stagnation-point flow against a plane wall. However, the inclusion of a curved surface produces important quantitative differences in terms of the threshold between regular and singular solutions and the time taken to reach blow-up. In general, for a fixed frequency, the amplitude required to produce blow-up in finite time is increased in the presence of surface curvature. Moreover, in the case of blow-up, increasing the surface curvature delays the onset of the finite-time singularity.
We have studied an exact reduction of the Navier-Stokes equations of a similarity form. It is possible that the emergence of a singularity at a finite time indicates a limitation on the validity of the assumed similarity structure. In their related work, Riley and Vasantha (9) took the view that the small streaming velocity towards the origin, seen in the steady streaming analysis at high frequency, provokes an eruption of fluid from the boundary layer and a breakdown of the solution close to the singular time. If this is the case in the present work, a full investigation of the Navier-Stokes equations undertaken without the assumed similarity structure would presumably reveal precisely how the singularity is regularized. Such a calculation has not been attempted here and is left for future work. However, it is also possible that the similarity structure does not break down and the singular behaviour is a true representation of a Navier-Stokes flow which contains an infinite amount of energy to begin with.
